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We investigate the evolution of three di erent types of discrete dynamical systems. In each
case simple local rules are shown to yield interesting coligive global behavior.

(&) We introduce a mechanism for the evolution of growing smd world networks. We
demonstrate that purely local connection rules, when coupd with network growth, can result in
short path lengths for the network as a whole.

(b) We consider the general character of the spatial distritutions of populations that grow
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simple one and two-dimensional point placement models arerpsented to illustrate possible generic
behavior of these distributions. We show, both numericallyand analytically, that all of the models
lead to multifractal spatial distributions of population.

(c) We present a discrete lattice model to investigate the sgregation of three species granular
mixtures in horizontally rotating cylinders. We demonstrate that the simple local rules of the model

are able to reproduce many of the experimentally observed gbal phenomena.
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Chapter 1

Introduction

The study of complexity and complex systems has become incasingly popular in many scienti ¢
disciplines. Complex systems are collections of interaatig subunits, where the global behavior
of the whole is di cult to infer from the properties and inter actions of the subunits. Thus com-
puters, neural networks, human societies and weather are Bexamples of complex systems. An
important realization and a unifying concept in the study of such systems is that complex global
behavior does not require complicated interactions betwee the individual subunits. In fact, it has
been repeatedly shown (e.g. cellular automata [1], agent ts®d models [2]) that simple building
blocks can result in very complicated, often surprising ang perhaps most importantly, potentially
meaningful global behavior.

As a result, researchers in diverse elds such as sociologgomputer science, biology and
physics, just to name a few, are modeling complexity with sinply interacting simple subunits. This,
in turn, has led to a large amount of interdisciplinary reseach, where traditionally disconnected
elds nd common ground under this new framework.

Discrete time/discrete state models (DTDSMs) can be very ugful in describing a variety of
complex systems. A DTDSM is any model that has a discrete sta# space and which is updated at
discrete time steps. The prototypical examples of DTDSMs ae cellular automata; however, there
are many other types of models that can be classi ed as DTDSMge.g., incrementally growing
models, discrete lattice models, etc.). One of the aspect$it makes these models appealing is the
simplicity with which they can be simulated on a computer. Numerical solutions of complicated
continuum models will almost always involve some form of disretization procedures and, thus,
are approximate solutions to the specied continuous moded. DTDSMs, on the other hand,
can be simulated exactly even for very intricate models. Addionally, since, as noted above,
complexity can emerge from a collection of simply interacthg entities, the DTDSM describing a
complex system can be rather simple, sometimes even allowgrfor analytical approaches. In this

dissertation we present several DTDSMs applied to a number bcomplex systems.



In Chapter 2 we introduce a simple mechanism for the evolutio of small world networks.
Our model is a growing network in which all connections are mde locally to geographically nearby
sites. Although connections are made purely locally, netwik growth leads to stretching of old con-
nections and to high clustering. Our results suggest that tke abundance of small world networks
in geographically constrained systems is a natural consegmce of system growth and local inter-
actions.

In Chapter 3 we consider the general character of the spatiatlistribution of a population
that grows through reproduction and subsequent local resdtement of new population members.
Several simple one and two-dimensional point placement magls are presented to illustrate possible
generic behavior of these distributions. It is shown, numeically and analytically, that these models
all lead to multifractal spatial distributions of populati on. Additionally, we make qualitative
links between our models and the example of the Earth at Nightimage [3], showing the Earth's
nighttime man-made lights as seen from space. The Earth at Njht data su er from saturation of
the sensing photodetectors at high brightness (‘clipping, and we account for how this in uences
the determined multifractal dimension spectrum of the light intensity distribution.

In Chapter 4 we investigate the segregation of three speciggranular mixtures in horizontally
rotating cylinders. We present a discrete lattice model baed on the di erent frictional properties
of the three particle types and show that it yields results that are qualitatively similar to those of

the physical experiment.



Chapter 2
Growing networks with geographical attachment preference Emergence of small worlds

2.1 Introduction

Recently there has been considerable interest in the classation of physical systems according to
the topological properties of the networks to which they map(e.qg., [4{13]), where the constituent
parts are modeled as nodes and links between nodes denote stype of interaction (for reviews see
[14{17]). This method of classi cation has the potential to shed light on underlying organizational
principles. In this spirit, we focus on the \small world" net work topology introduced by Watts
and Strogatz [4].

Here we represent a network as an undirected graph: a colleicin of N points (nodes with
connections (inks) between some pairs of them. If two nodes are connected, westhat they are
neighbors We call the number of connections to node the degreeof nodei and we denote itk;.

Small world networks are characterized by two main propertes. First, their characteristic
path length, L, grows as InN or slower, similar to an Erd)s-Renyi (ER) random network. The
characteristic path length is the smallest number of links @nnecting a pair of nodes, averaged
over all pairs of nodes. Second, the network has a high averagclustering compared to an ER
random network of equal size and average node degree. The staring C; of nodei is de ned
by Ci = g=[(1=2)ki(ki 1)], where g is the total number of links between the k; neighbors of
nodei, and (1=2)ki(k; 1) is the maximum number of links that could exist betweenk; nodes.
Networks exhibiting small world characteristics are foundin many varied elds of research. Some
examples of such networks are the neuronal network of the won C. elegans the electric power grid
of southern California, and the friendship network of Madison Junior High School students [5].

The Watts and Strogatz model is the following prescription for creating a small world
network. The initial state has a xed number of nodes equally spaced on the circumference of a
circle. Each node is linked to its m nearest neighbor nodes, wheren is even and nearest here
refers to the distance along the circumference of the circleln this way a regular network with a

large average clustering is created. Next, a proportiorp of the links are chosen at random and



\rewired" such that one end of the link is kept xed and the oth er end is linked to a randomly
chosen node. These random links can serve as short cuts acsabe circle, drastically decreasing
the characteristic path length of the network. It was found [4] that, for a relatively small rewiring
probability p, the characteristic path length of the network becomes comprable to that of an ER
random network, while the network still maintains a high average clustering.

The network construction of the Watts and Strogatz model very nicely illustrates the small
world property, and, furthermore, it is probably a reasonable model for how some networks are
formed. However, the small world property is, of course, muls more general than their particular
example, and it is useful to study other mechanisms for formmg small world networks. In particular,
we will be interested in networks that grow in time from small size to large size by the successive
addition of new nodes (see [8,14{17] for other models of gramg networks).

Many networks have their topology in uenced by geographicd constraints. The nodes are
separated by some physical distance and thus their ability © know the complete state of all the
network nodes at a given time is restricted. Consequently,n our model we restrict the formation
of links between nodes to result from geographically local ppcesses. That is, when a new node
appears, it forms links only to those preexisting nodes thatare geographically close to it. In spite
of the link formation being exclusively local, long-range inks will be shown to arise as a result of
network growth. This, in addition to the clustering induced by local connections, yields the small
world property.

We say that a growing network model has the small world propety if it satis es the following

three criteria as the number of nodesN ! 1

a) Small average node degredki = O(1);

b) Small characteristic path length, L  InN;

¢) High average clustering,hCi = O(1) (i.e., hiCi does not decay withN).

Part (a) of the de nition is included to ensure that highly co nnected networks that trivially satisfy

criteria (b) and (c) are not considered to be small world networks (e.g., if every node is connected



to every other node thenL = hCi =1 but hki = N  1).

2.2 Growing Network Model

Our model, as mentioned above, is a growing network. We beginvith an initial state of m + 1
all-to-all connected nodes on the circumference of a circl@Fig. 2.1). (We take m to be even.)
We note that this initial state is chosen solely for conveni@ce and it has no e ect on the long
time network properties. At each subsequent discrete time &p we grow the network according to
the following prescription: a) a new node is placed in a randmly chosen inter-node interval along
the circle circumference, where all intervals have the samprobability of being chosen; b) the new
node makesm links to its m (previously existing) nearest neighbors. Nearest here refs to the
distance measured in number of intervals along the circumfeence of the circle.

These steps are repeated sequentially, creating a networkithh a temporally growing number
of nodesN. We note that, since the network size,N, is incremented by one with each discrete

time step, N can be used interchangeably as a system size or a time variabl

2.3 Degree Distribution

We now calculate the degree distribution for our network when N is large. We de ne G(k;N) as
the number of nodes with degreek when the system size (or time) isN. Since all new nodes are
initially created with k = m, and links can only be added to nodesG(k;N) =0 for k <m. At
time N, a node with degreek = m is added to the network, and if it links to a previously existing
nodei, then ki ! k; +1. Each preexisting node is equally likely to be connected ¢ the new node,
and therefore the probability that a given preexisting node has its degree increased by 1 im=N.

We now take the average over all realizations of the possibleandom placements of the new
node. This yields the following evolution equation for the average of&, which we denoteG:

m

G(kN +1)= 1 G(k:N) + %G(k LN)+ 2.1)

where m is the Kronecker delta function. The rst term on the right ha nd side is the expected

number of nodes with degreek at time N whose degrees remain the same at tim&l + 1. The
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Figure 2.1: Our growing network model, illustrated for m = 2. We begin with m + 1 completely

connected nodes on the circumference of a circle (top left)At each subsequent time step we: a)
add a new node in a randomly chosen inter-node interval alonghe circle circumference, with every
interval having equal probability of being chosen, and b) canect the new node to itsm nearest
neighbors, with nearest here referring to distance along th circle circumference. Steps (a) and (b)

are repeated until the desired system size is reached.
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Figure 2.2: The open circles represent the degree distribin P (k) for a network grown according
to our model with N = 10° and the solid line is the analytically calculated ensemble weraged

degree distribution [Eq. (2.2)], both with m = 2.

second term is the expected number of nodes with degrde 1 at time N whose degrees increase
to k at time N + 1. The third term represents the new node with degreem.

We let H (k;N) = G(k; N)=N be the fraction of nodes with degreek at time N, i.e., the de-
gree distribution. In Appendix A, we show that for large N, H (k; N') approaches an asymptotically

N invariant form H (k), given by

1 m

H (k) = m+1 m+1

2.2)

fork mandH(k)=0for k<m.
In Fig. 2.2, the data points represent the degree distributon P (k) (i.e., the fraction of nodes

with degreek) for a single network realization randomly grown by our algaithm (illustrated in Fig.



2.1)form =2at N = 10°. The solid line isH (k) from Eq. (2.2), also with m = 2. We observe good
agreement between the analytical calculation for the enseflile average over realizations and the
simulation of a single realization, with both showing an exmnentially decaying degree distribution.

This agreement illustrates that “self-averaging' appliesfor large N..

In addition, we can calculate the average node degree at timé&l, hki, asN !1

X
ki = kH(K)=2m: 2.3)
lim N1

k=m
This can be seen also by observing that each tim&l increases by 1 m new links are formed, and
since each link has two ends, the sum of the degrees of all naglancreases by &h at each time step.

Thus our rst criterion for a small world network (that Hi remains bounded asN ! 1 ) is met.

2.4 Clustering

For the particular case of m = 2 we can calculate the average clustering of the network exetly.
For this value of m, a new node joins the network withk = 2 and q= 1. Each subsequent addition
of a link to that node increments both k and q by one. Thusq= k 1 for all nodes. Since, by
de nition, Cij =2qg=k(ki 1), the average clustering over all nodes in than = 2 case is given by
hCi =2 1 =2X }H(k)= §In3 1 0648 (2.4)
k v K 2
The open circles in Fig. 2.3 are the node averaged clusterinfpr a single network realization
randomly grown by our algorithm (illustrated in Fig. 2.1) ve rsus the network sizeN for m = 2.
As N grows, these data are observed to approach the ensemble aaged largeN result given by
Eq. (2.4) (dashed line). In networks with larger values ofm we also observe approach ofiCi to
a constant asymptotic value asN increases (the asymptotichCi grows with m; e.g., form = 4,
hCi' 0:653).
The network maintains a high average clustering asN ! 1 and, therefore, the second
criterion for a small world network is met. This high clustering is expected due to the local nature
of the links made. A new link is inserted in a region that alrealy has high interconnectivity,

assuring that the nodes with which the new connections are mde have a high probability of
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Figure 2.3: Average clustering,hCi, versus system sizeN, for a simulated network with m = 2.

As N grows, the average clustering approaches the value (dashédiie) predicted in Eq. (2.4).
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Figure 2.4: Semilogarithmic graph of the characteristic pah length, L, versus the system sizeN .
The data show the small world slow path length growth characeristic, L In N. The straight line

is a tto the data.

having connecting links to each other.

2.5 Characteristic Path Length

The open circles in Fig. 2.4 showL, the shortest path length between pairs of nodes averaged ev
all node pairs of a single growing network realization, on aihear scale versudN on a logarithmic
scale. The data show a linear trend, demonstrating the desé&d slow growth of geodesic path
lengths with system size; i.e.L  InN. Thus the third, and nal, small world network criterion is
also satis ed.

To see whyL grows more slowly thanN, consider the fact that, although the links made

10



Figure 2.5: An illustration of network growth in our model for m = 2. The network starts o (left)
with three adjacent nodes, labeled byA, B, and C, connected to each other via links. When the
network reaches a network size of 100 nodes (right), the origal three labeled nodes are no longer
adjacent, but have been \pushed apart" by the new nodes that vere inserted between them. The
links connecting A, B, and C serve as short cuts (similar to the shortcuts in the Watts-Strogatz

model [4]), resulting in a small characteristic path length for the network.

by incoming nodes are always local, the network itself is gnwing. The older nodes that had once
been nearest neighbors along the circle (and therefore lirdd), are pushed apart as newer nodes
are inserted into the interval between them. Fig. 2.5 illustrates this for the case ofm = 2. The
network begins as three nodes linked to each other. By the tira the network reachesN = 100,
we see that the original nodes are not adjacent, but, ratherhave a large number of newer nodes
between them. Thus, growth leads to long links between old ndes, and these long links are the
shortcuts responsible for a short characteristic path lengh.

To see why L InN, imagine a network of sizeN 1 and characteristic path length
L. Now if we grow the network by adding N new nodes, these nodes will be roughly uniformly

distributed along the circle circumference. This means tha on average, a new node would be a
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distance of O(1) from one of the rst N nodes. ThusasN ! 2N (i.e,, InN ! InN + O(1)), we

expectL to increase toL + O(1), resultingin L  InN.

2.6 Geography

The construction of our network allows for the tracking of the relative positions of the individual
nodes. This enables us to ask questions about quantities p&ining to the geographical separation
between nodes. By geographical separation we mean that weesv our network as equally spaced
nodes on the circumference of a circle embedded in a two dimsional Euclidean space and this
allows us to de ne a physical separation between the nodes. df convenience, we consider the
distance between nodes as the distance measured along thecatimference of the circle in units
of the inter-node spacing or, in other words, one plus the nurher of nodes found on the circle's
circumference between the two nodes of interest (This is di erent from the graph theoretic notion
of the distance between two nodes de ned as the minimum numbreof links connecting two nodes.)
Here we present some analytical results related to geograjptal distances in our network for
the casem = 2. Let §*(k;I;N) be the number of nodes at timeN with degree k and with the
longest link to another node in the counter-clockwise (CCW)direction having the length I. (A
nodei has its longest CCW link connected to the nodej which was the nearest neighbor in the
CCW direction when nodei was introduced into the network as a new node.) At each time stp
a new node is added to the network and it connects to its two negest neighbors which are, by
de nition, one inter-node spacing away from the new node. Thus the new node will havek = 2 and
| = 1. As more nodes are added, the values dt and | for an existing node will change according
to the following scenarios. Figure 2.6 is an illustration ofa section of our network, depicting the
possible scenarios for the node labeleB. Let node B have degreek and CCW longest link I. It
is clear that if a new node is introduced in region 1V, neitherk nor | is a ected. If a new node is
placed anywhere in region lll, de ned as the region betweentie CCW nearest neighbor nodeC

and the farthest CCW linked node D, then | increases by one whilek remains the same. A new

1we do not use the Euclidean distance between nodes, which wou Id be the length of the chord connecting two

nodes on the circle's circumference.
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counter-clockwise direction
——

Figure 2.6: An illustration of the dierent regions associated with node B. Let node B have
degreek and longest CCW link I. A new node inserted in region IV will not a ect either k or I.
A new node inserted in region Il (between the CCW nearest naghbor C and the CCW farthest
connected nodeD) increasesl by one but leavesk unchanged. A new node inserted in region Il
(between nodesB and C) increases bothk and | by one. Since region | (between nodeé and B)

is in the clockwise direction, a new node inserted here incesesk by one but leavesl unchanged.

node inserted into region Il increments bothk and | by one. Finally, since we are only interested
in the longest CCW (as opposed to clockwise) link of nodeB, if a new node is inserted in region
I, k is incremented by one whilel remains unchanged.

We now take the average over all realizations of the possibleandom placements of the new

node and write down the following evolution equation for the average of8* , which we denoteS* :

S*(k;I;N +1) = 1 HT]' ST(k;I;N)+ NiSJ'(k LI;N) (2.5)

28+(k;l LN)+ o ia

1 |
+ —S*(k LI LN+
N ( ' N) N

The rst term on the right hand side is associated with region IV and represents the expected

number of nodes with degreek and longest CCW link | at time N which will retain those values
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at time N + 1. The second term is the expected number of nodes with degeek 1 and longest
CCW link | that receive a new node in region | at timeN and therefore increase their degree to
k while leaving | unchanged at time N + 1. The third term is the expected number of nodes with
degreek 1 and longest CCW link| 1 at time N which receive a node in region Il. The fourth
term is the expected number of nodes with degre& and longest CCW link | 1 at time N which
receive a node in region Ill. Note that region Il is of length| 2 in this case. The last term in
the equation accounts for the new node K = 2, | = 1) that is introduced at time N.

Dening s* (k;I;N) = S* (k;I;N)=N to be the fraction of nodes with degreek and longest

CCW link | at time N, we can write down the evolution equation fors* as,

(N+Ds*(k;I;N +1) = (N (+1)s"(k;;N)+s"(k 1;I;N) (2.6)

+sT(k LI LN)+(l 2)sT(k;l LN)+ o1

We dene W(k;N) = P  S*(k;I;N) to be the fraction of nodes with degreek at time N. Thus
W (k; N) should coincide with H(k;N) for m = 2 (see Sec. 2.3). This is indeed the case, as
summing both sides of Eq. (2.6) ovell recovers an evolution equation forW (k; N ) identical to the
evolution equation for H (k; N) with m =2 (i.e., Eq. (A.1) with m = 2). Hence, the stationary (N

independent) solution W (k) of W (k; N) satis es the recursion relation
W (k) = %W(k 1) + %; 2.7)

with the solution

W (k) = (2.8)

Wl =
Wi N

+ P S
We now introduce the quantity Hjkiy = Is™ (k; ;N )/ W (k;N), which is the average
longest CCW link for a node with degreek at time N. Returning to Eq. (2.6), we multiply both

sides byl and then sum overl, and obtain the following evolution equation:
(N +1) Hjkig,, W(k;N+1) = (N 1)Hjkig W(k;N)
+2Hjk  lig W(k 1;N) (2.9)
+W(k IL;N) W(KN)+ g2

14



If we assume the stationary solutionshjki® and W (k) for ijiL and W (k;N), respectively, we

are left with the recursion relation
W (k) 2iji+ +1 =W(k 1) 2Hjk 7 +1 + o (2.10)

which, using the result in Eqg. (2.7), can be solved to yield

k 1

N
Hjki™ = > (2.11)

1
2
for k 2 andHjki® =0 for k < 2. Thus we see that the length of the longest CCW link of a
node (as well as its longest clockwise link, by symmetry) inceases exponentially with its degree.
We show in Appendix B that the average longest link of a node ao behaves in a similar manner.
Turning our attention to the distribution of the longest CCW link lengths, we de ne the
quantity T(I;N) = P « ST (k;I;N), the fraction of nodes with longest CCW link | at time N.

Summing both sides of Eq. (2.6) overk we obtain the evolution equation
(N+DTN+D)=(N DTEN)Y+(T DTA L,N)+ g (2.12)

We de ne the stationary solution T(I) of T(I;N ), and from Eg. (2.12) obtain the recursion relation

THA+1)=Td 1A 1)+ 5 (2.13)
which we solve to yield
_ 1
T = a1 (2.14)

forl 1landT(l)=0for I< 1.
P
We now de ne the quantity Hjliy, = ,ks*(k;I;N)/ T(I;N), the average degree for a
node with longest CCW link |. We multiply (2.6) by k and sum overk, obtaining the evolution

equation

(N +2) Hjlig,, TGN +1) = (N D) Fjlig T(;N)
+(1 1RKjl iy T( LN) (2.15)

+T(LN)+ T L,N)+2 7:
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Assuming the stationary solutions hjli* and T(l) for H(inL and T (I; N ), respectively, we obtain

the recursion relation
T (1+1) H(jli+ 1 =70 1) (I 1)HK;jl 7 +1 +2 (2.16)

which, using the result in (2.13), is solved to yield

hkjli* = g+ (2.17)

forl 1andhjli* =0 for | < 1. In particular, this implies that for large I, kkjli* Inl.

2.7 Conclusion

We presented a small world network model that has only geognahically local interactions. This
model provides a physically realistic mechanism by which gowing physical systems that have
geographical constraints, and therefore limited global ifiormation available to each individual
node, can form networks with small world characteristics. Additionally, our results suggest that
small world networks in geographically constrained physial systems may be a natural consequence

of system growth and local interactions.
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Chapter 3
Formation of Multifractal Population Patterns from Reprod uctive Growth and Local
Resettlement

3.1 Introduction

Growing populations exist in many di erent areas of interest. Although the most obvious exam-
ples are biological in nature (e.g., bacterial cultures, tle human population), one can also consider
the growth of technological development or the growth of urkan infrastructure as more abstract
examples. While the speci c details of these systems can beuge di erent, the examples stated
here all share the characteristic that their populations grow on some background space. A reason-
able question to ask then is what types of spatial distributions result in these growing systems.
Figure 3.1 is a version of the popular Earth at Night image (Ea\) [3]. This is a composite image
taken by orbiting satellites that shows the Earth's nightti me man-made lights as seen from space.
The light intensities are brightest in areas that are known to be highly populated and developed,
and thus the image can be crudely thought of as representinghe spatial distribution of some
combined measure of technological development and human palation density. We see a very
heterogeneous distribution, with areas of very high intengties as well as areas of almost no light
at all.

A useful characterization of the heterogeneity of a distritution is the distribution's dimension
spectrumDg. A grid of hypercubes, or boxes, of a xed size with edge lendgt is used to cover the
distribution, where the dimension of the hypercubes corregonds to the dimension of the underlying

space (e.g., squares for two dimensions and line segments fme dimension). D is then calculated

via [18,19]
_ 1 . Ini(qg;).
Pa= 7 q m, In(1=) " 1)
where
N )
I(q; ) = i (3.2)

i=1

Here the sum is taken overN ( ) non-empty grid boxes and ; is the fraction of the particular

guantity of interest (assumed to be nonnegative, e.g., lighintensity in Fig. 3.1) that is contained
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Figure 3.1: A version of the Earth at Night image [3]. This is a composite image created with
data from the Defense Meteorological Satellite Program of he Earth's nighttime man-made lights
as seen from space. For the analysis, an 8-bit grayscale 24@DO0 pixel image was used, where
light from the re ective landmasses found in the original image was removed with an appropriate

uniform background subtraction. The image pixels have intesity values ranging from 0 to 218.

in box i.

The parameterq (g O in this chapter) can be varied continuously to vary the in u ence of
high and low ; boxes, with larger values ofg emphasizing the boxes with larger ;'s. In particular,
when g =1 we have the information dimension D1 which, applying L'Hospital's Rule to (3.1) and
(3.2), is given by

Pney
i=1

iln i,

D1 = lim (3.3)

0 In
A distribution is fractal if it possesses a fractional (non-integer) dimension (i.¢.if Dq is not an
integer for someq). If Dq depends ong, then the distribution is said to be multifractal .

Generally, when measuring the dimension of a distribution é numerical and/or experimental
data, there is a maximum resolution observable. In the EaN inage, for example, the image's
individual pixels are the smallest boxes that can be used to@ver the distribution in the calculation
of Dq. In such cases the ! 0 limit cannot be considered; instead one looks for @caling rangeof

where the quantity (1 q) *Inl(q; ) varies approximately linearly with In(1 =), from which a
dimension can be extracted as the slope of a straight line ted to data in the scaling range. We

illustrate this process by calculating the information dimensionD; of the EaN image. Figure 3.2
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Figure 3.2: Plot for calculating the information dimension D; [see Eq. (3.3)] for the Earth at Night
P

image. The quantity iN=(1) i In  is plotted versus In (open circles), where is in units of pixels,

resulting in a linear scaling region the slope of which is a nite-scale approximation of D;. The

solid line is a linear t to the data with a slope of 1:60 0:02.

shows a plot ofP ing) iln ; versus In (with in units of pixels) for the image, where each ;
is the fraction of the total intensity in box i. The good evidence of linearity in this plot over a
scaling range in of order €° indicates that a fractal description makes sense. The solidine in
Fig. 3.2 is a linear t to the data with a slope of 1:60 0:02, which we take as the value oD;.
Thus the light distribution in the EaN is fractal. In Sec. 3.3 we argue that it is also multifractal.
Yook et al. [20] have recently reported that the world's human population, as well as the
population of internet routers and autonomous systems, arefractally distributed. Additionally,

several studies [21{23] have demonstrated various fractaproperties of urban settlements. We
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were thus led to consider the possibility of common, underling mechanisms shared by growing
populations that lead to fractal distributions.

One characteristic found in many growing populations is theexistence of some generalized
reproduction process, where existing members of the popul@n generate more members. In
addition to biological reproduction, in some non-biologi@l systems concentrated populations can
encourage the creation of more members. For example, areaddt are technologically highly
developed are likely to stimulate more development than aras that are not as technologically
developed.

Once the new members are generated, it is reasonable to expesome form of local reset-
tlement for a wide range of growing systems. The resettlemeris necessary in populations where
individual members are unable to occupy the same physical ste as other members.

In this chapter we demonstrate that these two ingredients, eproduction and local resettle-
ment, can lead to multifractal spatial distributions for gr owing populations. We present several
point placement models in one and two dimensions which impleent these ideas and show, both
numerically and analytically, that they lead to multifract al distributions.

One might suspect that fractal population densities arise die to strong inhomogeneities of
the underlying space (e.g., inhomogeneities in the distribtion of land fertility, natural resources,
etc.). Our models initially (Sec. 3.2) employ spaces that hae no inhomogeneity thus demon-
strating that fractal population distributions can occur w ithout inhomogeneity. We also consider
generalizations to our models that include geographical ihomogeneities (Sec. 3.4) and demon-
strate that, for the particular forms of the inhomogeneities that we employ, the multifractality of
the distribution is una ected.

In Sec. 3.2 we present our point placement models along with umerical results. (We
emphasize that the set of models we introduce in Sec. 3.2 is hexhaustive, and many other similar
models could be conceived.) Section 3.3 considers situatie where a multifractal distribution is
sensed by an instrument that saturates at a maximum measurale value (clipping). We show that

such clipping occurs in the EaN data, a ecting the determined Dg. In Section 3.4, we investigate
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the e ect of adding geographical inhomogeneity to the undelying space of our models. In Sec. 3.5
we present analytical results for some of our models. We sumarmize our ndings and conclude in
Sec. 3.6. Appendix C provides details and background on theralytical calculation of the spectra
of fractal dimensions for some of our models. Appendix D cortins the proof of a theorem used in
Appendix C (this theorem should be of very general utility, not restricted to our speci c models,

in analysis of the spectra of fractal dimensions).

3.2 Models and Results

3.2.1 1-D Random Interval (Model 1)

We begin with a very simple model that places points on the uni interval (0 x  1). Our initial
state is a single point atx = 0:5. At each subsequent discrete time step we place a new point
according to the following prescription: (a) a target point, or \parent", is chosen from all of the
preexisting points with equal probability; (b) the new point, or \child", is placed in the middle
of one of the two empty intervals adjacent to the target point with equal probability. Steps (a)
and (b) are repeated until the desired system size is reachedSeveral representative steps of this
construction are illustrated in Fig. 3.3.

In Step (a), by randomly choosing the target point from all available preexisting points
with equal probability, we allow every point to generate, attract, or reproduce new members at the
same rate. This also implies that areas with a high density opoints are more likely to attract new
members than areas that are sparsely populated, creating arich get richer" phenomenon. We
will see that all the models presented in this chapter have tlis general characteristic, with most
of the models actually possessing the identical Step (a). $p (b), on the other hand, is the local
resettlement scheme that is particular to this model. It was chosen for its simplicity, and we will
show in Sec. 3.5.1 that analytical results can be obtained foit.

Figure 3.4 shows semilog plots of point location histogramsvith di erent bin sizes  x for
one realization of our point placement scheme. We observe aughening of the plot as smaller

histogram bins are used, thus giving a sense of the heterogeity of the distribution. To quantify
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Figure 3.3: Three representative steps of Models 1 and 3.

this heterogeneity, we calculate the dimension spectrumDq of the distribution. We cover the
distribution of points with intervals of a xed length  and assign to each intervali a measure
equal to the fraction of the total points contained in i. Then, referring to Eq. (3.1), we plot the
quantity (1 o) *Inl(q; ) versus In(1=) for a range of , so that the slope of the graph in the
scaling range gives udg.

For q 05 the plots exhibit a linear regime that allows for a relatively unambiguous
determination of the dimension. However, for the smallerq there tend to be shorter scaling
regions, which makes the extraction of a reliableD 4 more ambiguous. This is due to the fact that
the distribution is made up of a nite collection of points. A s the grid covering the distribution
is made ner, grid boxes in the more sparsely populated areadegin to contain either 0 or 1
points. Furthermore, if is made small enough, eventually all the points in the distrbution are
covered by dierent boxes, and the dimension for the distribution is simply the dimension of a
collection of individual points, i.e., zero. Thus, in order to get a meaningful dimension out of a
nite distribution of points, a certain degree of coarsenes of the covering grid is necessary. For

small values ofg, D relies heavily on boxes containing small amounts of the mease. Therefore,

22



10 : : : : 10
10%} 1 10%}
§2] a
= £
8 10% 8 10°%}
— —
(@] (o]
D 10 D 10%
o o
IS €
3 1 =) 1
Z 10"t ] Z 10t
Dx = 1/16 Dx = 1/32
10° : : : : 10° : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Position Position
10° 10°
0 10°} o 10°}
i) §%)
£ £
g, 8 . s
210°% 2 10%
(@] (]
g 10 g 10
IS €
= 2
10"t 10t
Dx = 1/64 Dx = 1/12
10° : : : : 10’ : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Position Position

Figure 3.4: Semilog plots of histograms of point locations o the unit interval for a 10° point
distribution generated by Model 1, for various bin sizes x. a) x =1=16,b) x =1=32, ¢)

x =1=64,d) x=1=128.

23



as is decreased, a scale is quickly reached where points in sgaty populated areas are covered
by separate boxes, thereby destroying the overall scaling dhavior. For larger g, the dense regions
have a large enough in uence onD that the e ects of the niteness of the distribution are not
observed until very small scales are reached, allowing for lrge scaling range.

Figure 3.5 is a plot of the numerically determined averagd 4 (open circles) for 20 realizations
of 1 point distributions generated by Model 1. The solid line represents the analytical result
for Dq derived in Sec. 3.5.1. Both the numerical and analytical reslts demonstrate that Model 1
generates multifractal distributions.

Notice that our analytical value for the box-counting dimension Dg is one. Unlike D for
g positive, Do depends only on the limiting set of points and not their distribution. Our result
that Do = 1 indicates that the set lled by the points in Model 1 as time t goes to in nity is not
fractal. In fact, the entire interval is lled with probabil ity one, which we see as follows. At timet
there aret points, which divide the unit interval into t+ 1 subintervals (see Fig. 3.3). Each of the
subintervals has probability 1=t of containing the next point, except for the two end subintervals,
which each have probability 1=(2t). Thus the probability that a given subinterval is not bisec ted at
time tis at most 1 1=(2t). Since the in nite product of these probabilites ast!1 is zero, each
subinterval is eventually bisected with probability one, and therefore no empty intervals remain
ast!1 . One can similarly argue for the other models in this chapterthat the limiting sets are
not fractal; the heterogeneous point distributions they yield are re ected by the fractional values

of Dq for g > 0.

3.2.2 2-D Random Square (Model 2)

Model 2 is a two dimensional analogue of Model 1, where pointare placed on the unit square,
(0O x 1,0 vy 1) instead of the unit interval. We begin with a single point at (0:5;0:5).
Imagining vertical and horizontal lines drawn through this point, we see that the point is at the
vertex of four neighboring squares. At the next step, we chose one of the squares at random, with

equal probability, and place a point in its middle. We then divide this chosen square into four
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Figure 3.5: Plot of D4 for Model 1. The open circles are the numerical values calcated from the
slope of aline tto (1 @) 'Inl(q; ) versus In(1=) [see Eq. (3.1)], averaged over 20 realizations
of 10° point distributions (except for q= 1, in which case the line is t to P ing) iIn ; versus In
[see Eq. (3.3)]), with the error bars indicating the sample sandard deviation for each value. The

solid line is the analytical result of Eq. (3.14). As an exampe the inset shows the determination

of D, for one point distribution.
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t=3 t=4

Figure 3.6: Three representative steps of Models 2 and 4.

smaller squares by horizontal and vertical lines through the newly added point. Then we continue
this process: At each subsequent discrete time step we pick @rget point (parent) according to
Step (a) of Model 1 (that is, all points are equally likely to be chosen) and add a new point (child)
to the center of one of the target point's four adjacent squaes, chosen with equal probability.
Several representative steps of this construction are illstrated in Fig. 3.6.

Figure 3.7 shows a distribution generated by this model's pmt placement scheme, where
we have successively magni ed dense regions of the distriion to illustrate the large di erences
in densities that result at various length scales. Figure 38 is a plot of the averageDq of 20
independent distributions generated by this model, where he solid line is the analytical result
(3.28) derived in Sec. 3.5.2. Again, both the numerical and malytical results con rm that Model

2 generates multifractal distributions.
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Figure 3.7: A plotof a4 10° point distribution on the unit square generated by Model 2. Dense
regions are magni ed to illustrate the heterogeneity of the point densities in the distribution at
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Figure 3.8: Plot of D4 for Model 2. The open circles are the average numerical valgeof D
(see caption in Fig. 3.5) obtained from 20 realizations of 19 point distributions generated by this
model and the error bars are the sample standard deviationsof each value. The solid line is the

analytical result of Eq. (3.28).

27



3.2.3 1-D Larger Interval (Model 3)

Model 3 is a one dimensional point placement model similar taModel 1, but with a di erent local
resettlement rule. That is, the initial state and Step (a) are identical to those of Model 1, while
Step (b) is modi ed. Instead of a new point being randomly placed in one of the adjacent intervals
of the chosen target point with equal probability, the new point is placed in the larger of the two
intervals adjacent to the target point, and, if the two inter vals are equal in size, one is chosen at
random.

In this way, the new points seek out more sparsely populateddcal intervals to settle within.
This strategy is reasonable in a context such as human resdément, where the settlers may try
to combine the convenience of being close to others with the gssible advantages associated with
more space. We expect this resettlement scheme to yield disbutions that are more homogeneous
than those created by Model 1, and hence yield greateD .

We plot the point location histograms for one distribution generated by this model in
Fig. 3.9, once again varying the bin sizes used. Although theoughening of the plot as the bin size
is decreased is less pronounced than what was observed in Figi4 for Model 1, there still appear
to be signi cant uctuations in the densities. We numerical ly obtain Dy and nd the dimension
spectrum to be multifractal, having the same qualitative shape as theD for Model 1. However,
due to the more uniform nature of the distributions created by this model, the speci c values of
Dq are larger at eachq (e.g., D; = 0:84 0:01 [averaged over 20 distributions of 10 points] for

this model versus our analytical resultD; ' 0:72 for Model 1 [Eq. 3.15]).

3.2.4 2-D Sparse Square (Model 4)

Model 4 is a two dimensional analogue of Model 3. The initial tate and Step (a) of its construction
are the same as in Model 2. Our aim is to extend Step (b) of ModeB, the choosing of the larger
interval for settlement, to two dimensions and for that purp ose we make the following observation.
In the square-based two dimensional point placement schemef Model 2, there are two di erent

types of squares which we refer to as type | and type Il squaresA type | square only has one
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Figure 3.10: lllustration of type | (labeled 1) and type Il (I abeled II) squares, where black dots

indicate populated vertices.

of its vertices occupied by a point, while a type Il square hastwo opposite vertices occupied by
points. (See Fig. 3.10 for an illustration of type | and type Il squares.) Thus a type | square can
be regarded as more sparsely populated than a type Il squaref®qual size. With this in mind,
Step (b) for Model 4 is to place the new node in the middle of thelargest square adjacent to the
target point. In case of a tie, choose a type | square over a typ Il square, with any subsequent
ties being resolved by an equal probability random choice fom the remaining candidate squares.
We plot a distribution generated by this model in Fig. 3.11. We nd this distribution to be
multifractal, with a Dg that is similar in shape to, but everywhere larger than, the D4 of Model 2
(except for g = 0 where the two coincide with Do = 2). In particular, the information dimension

isD;=1:30 0:02 (averaged over 20 distributions of 18 points), as compared toD; ' 1:05 for
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Figure 3.11: A plot of a 1( point distribution on the unit square generated by Model 4.

Model 2 (Eq. 3.29).

3.2.5 2-D Unstructured (Model 5)

Looking at Fig. 3.7 (Model 2) and Fig. 3.11 (Model 4), we notie square shaped artifacts and
diagonal point formations that arise due to the structured, square-based nature of those point
placement schemes. Model 5 is a two dimensional point placeznt scheme that aims to avoid such
artifacts, while maintaining the two ingredients of reproduction and local resettlement. We begin
with a point at (0 :5;0:5) and assign to this point a child distance d. = 1=4. Step (a) is identical

to that used in Models 1-4. Once the target point is selectedStep (b) is to place the new point

at a random location on the circumference of a circle centeron the target point and with radius
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Figure 3.12: A plot of a 1( point distribution on the unit square generated by Model 5.

equal to the target point's d.. A child distance equal to half the target point's d. is assigned to
the new point.

A distribution generated by Model 5 is shown in Fig. 3.12. As ntended, there are no grid-
type artifacts visible. The distributions generated by this model are found to be multifractal with

D;=1:36 0:05 (averaged over 20 distributions of 10 points).

3.2.6 2-D Square (Model 6)

In this model we consider points to be located at thecenters of squares. Beginning with a single

point in the center of a unit edge length square, we consideraproduction by a process mimicking
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Step (b) o o

chosen point
and its square

Figure 3.13: lllustration of Step (b) of Model 6.

cell division: In Step (b) a point that was randomly chosen in Step (a) divides into four points
(four-fold cell division), all of which then disperse to ocaipy (resettle) the centers of the four equal
size squares obtained by partitioning the original squaresee Fig. 3.13.

Note that this construction can be speci ed without reference to points, but only to the
squares they occupy: We can consider Step (a) as randomly cheing a square with equal proba-
bility (independent of the size of the square), and Step (b) & dividing the chosen square into four
equal new squares. After many applications of this area paitioning procedure, the corresponding
population distribution can be produced by simply placing a point in the center of each square.

Figure 3.14 is a plot of the averageDq of 20 independent distributions generated by this
model, where the solid line is the analytical result (3.34) @rived in Sec. 3.5.3. Both the numerical

and analytical results con rm that Model 6 generates multifractal distributions.

3.2.7 2-D Triangle (Model 7)

Model 7 is a slight variation of Model 6. Here triangles, as oposed to squares, are the basis of
the construction. We begin with a single equilateral triangle with unit edge length. At each time
step: (a) a target point (triangle) is chosen from all the preexisting points (triangles) with equal
probability; (b) the target point's triangle is divided int o four identical equilateral triangles with
edge length equal to half the edge length of the original trimgle (see Fig. 3.15), with points placed

in their centers. We show in Sec. 3.5.3 that Model 7 has the id@ical analytical expression for D
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Figure 3.14: Plot of D4 for Model 6. The open circles are the average numerical valseof D
(see caption in Fig. 3.5) obtained from 20 realizations of 19 point distributions generated by this
model and the error bars are the sample standard deviationsofr each value. The solid line is the

analytical result of Eq. (3.34).
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chosen point
and its triangle

Figure 3.15: lllustration of Step (b) of Model 7.

Table 3.1: A summary of numerical and theoretical results fo the point placement models and the

Earth at Night image (Fig. 3.1).

Model Dimensionality of Space D; Dy (theory)
1 1 sy ' 072 Eq. (3.14)
2 2 To> " 105 Eqg. (3.28)
3 1 084 0:01 -
4 2 130 0:02 -
5 2 136 0:05 -
6,7 2 70 ' 108 Eq. (3.34)
Earth at Night 2 1:60 0:02 -

as Model 6, and thus also results in multifractal distributions.

Table 3.1 summarizes results foiD; for our models and for the Earth at Night. Table 3.2
summarizes metaphorical interpretations of the reproducton and local resettlement characteristics
of our seven models.

Our result that the di erent strategies of reproduction and local resettlement used in these
models (Table 3.2) all lead to multifractal spatial patterns of population density strongly sug-
gests that multifractality may be a generic feature in real stuations in which processes involving

reproduction and local resettlement take place.
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Table 3.2: Summary of reproduction and local resettlement sategies employed in Models 1-7.

Model Reproduction Resettlement

1 parent has one child settles randomly chosen
child adjacent interval

2 parent has one child settles randomly chosen
child adjacent square

3 parent has one child settles largest
child adjacent interval

4 parent has one child settles largest and
child sparsest adjacent square

5 parent has one child settles
child in a random direction

6 parent reproduces o springs share equally the
by four-fold original square area occupied by
cell division their parent

7 parent has parent remains in place;
three children 0 springs settle equal shares

of parent's triangular area
or

parent reproduces o0 springs share equally the
by four-fold original triangular area occupied by
cell division their parent
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We emphasize that the spirit of our approach is very minimalst. In many real cases multiple
interacting complex processes undoubtedly in uence the deermination of population patterns. For
example, several likely candidates for the EaN image are ggoaphy (mountains, rivers, deserts,
etc.), politics, societal and cultural factors, economics etc. Our models show that considerations
of complex spatially heterogeneous processes are not recgrl for explaining the existence of frac-
tally heterogeneous distributions: even very simple dynarits incorporating reproduction and local

resettlement are su cient.

3.3 The E ect of Clipped Data on Multifractality

We now revisit the Earth at Night image (Fig. 3.1) and analyze its fractal properties. Figure 3.16(a)
is a plot of D calculated from the measured light distribution, where the error bars indicate the
uncertainty involved in extracting the slopes of the various scaling regions. One feature that is
clear is that D4 appears to atten out (i.e., there is very little variation w ith g) for q > 0:8, a
characteristic not found in the D4 plots of the models we have examined in Sec. 3.2. We now show
how this discrepancy can be resolved.

Figure 3.17 is a log-log plot of the histogram of pixel inteng&ies. A spike is observed for
a range of intensity values near the maximum value. This suggsts that some regions with high
light intensities caused some of the photoelectric cells ahe satellites' sensors to saturate, thereby
clipping the intensity values at a maximum allowable value. Additionally, it is known that when a
photoelectric cell is subjected to high intensities, it cantrigger surrounding cells to register more
light, resulting in the so called \blooming" e ect, which ma y account for the broadness of the
observed spike. We note that the pixels that are part of the sjke account for roughly 3% of the
total number of non-zero intensity pixels and 10% of the totd measured intensity (we consider any
pixel with intensity value greater than 209, out of a maximum intensity value of 218, to be part of
the spike).

To illustrate the e ects that this type of clipping has on mul tifractal distributions, we apply

a scheme that mimics the clipping in the EaN image to a point dstribution generated by one of our
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Figure 3.16: a) Plot of D for the Earth at Night image. b) Plot of D for a 10° point distribution
generated by Model 5 before the clipping procedure discusdén Section 3.3 is applied, and c) after
it is applied (note the di erent vertical scales). The error bars re ect the uncertainty involved in
determining the slopes of the scaling regions in the plots ofhe quantity (1 ¢) Inl(q; ) versus

In(1=) [see Eq. (3.1)].
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39



models. For this purpose we choose a £@oint distribution generated by Model 5. (Similar results
are obtained using our other models.) First we match the smdeést scale of our distribution to that
of the EaN image. Since the EaN image we analyzed is made up o#@0 800 pixels, we cover our
distribution with a xed size grid of simulated pixels in whi ch a simulated pixel corresponds to a
grid square with edge length of £1400' 1=IO 2400 800. Next, we choose the clipping value such
that the total number of clipped simulated pixels make up 3% d the total nonempty simulated
pixels. For this particular distribution, any simulated pi xel containing more than 58 points has its
count reset to 58.

Figures 3.18(a) and 3.18(b) are histograms showing the disibution of the number of points
contained in individual simulated pixels before and after the clipping is applied, respectively.
We see that the clipped histogram is qualitatively similar to the histogram for the EaN image
(Fig. 3.17). Next, we calculate D for the point distribution before and after clipping (Fig. 3 .16(b)
and Fig. 3.16(c), respectively). Noting the di erent verti cal scales, we see that the clipping pro-
cedure transforms theDq of Fig. 3.16(b) to a more gradual curve [Fig. 3.16(c)] with anapparent
constant tail for the larger g values, making it similar to the D for the EaN image [Fig. 3.16(a)].
Additionally, we note that the value of D is raised by the clipping (to approximately 1.61 from
approximately 1.39). Comparing Fig. 3.16(a) and Fig. 3.16€), we are able to conclude that the

EaN image characteristics are consistent with a multifractl light intensity distribution sensed by

an instrument that saturates at a maximum measurable intensty value.

3.4 Inhomogeneity

Our models can be generalized to include geographical inhcogeneity. For example, one can
imagine that the underlying space is supplemented by a fertity eld, and that reproduction is
more likely in regions of higher fertility. To investigate t he e ects of such inhomogeneities on the
D4 of a point distribution, we modify Step (a) of Model 6 by use of a fertility eld F(x;y) which
we use to construct a space-dependent, parent node seleatiprobability. If the location of node i

P
is (Xi; Vi), then the selection probability for this node is taken to be P; = F(Xi;Vy;)= i F(Xj ;i)
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Figure 3.18: Histograms of the number of points in individud simulated pixels (boxes in an
= 1=1400 grid) used to cover a 10 point distribution generated by Model 5, a) for the original
distribution and b) after the original distribution was cli pped by allowing a maximum of 58 points

in any simulated pixel.

We investigate two forms for the fertility eld. First we use a smooth eld
Fs(x;y)=1 0:3fcos(2x ) +sin(2 y )g (3.4)

on the unit square (0 x 1,0 y 1). We generate point distributions with this modi ed
version of Model 6 and nd that, while the regions of largerF in the center of the square are much
more dense with points than the regions of smallef~s near the corners, there is, nevertheless, no
discernible di erence in D4 compared to the homogeneous case. That is, both the values &fg, as
well as the quality and extent of the scaling ranges, remain nchanged.

Next, to explore whether the above result can be attributed to the local smoothness of,

we consider a rough fertility eld,
Fr(xy)=1+0:1[Ffw(x)+ fuw(y); (3.5)

x , .
fw(2) I'cos(2 !2): (3.6)
j=0

with  =1:5and =3. For < , the function f(z) is a "Weierstrass function' (see Fig. 3.19); it

is rough in the sense that, although it is continuous, it is nandi erentiable, and the graph of f,(z)
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Figure 3.19: A plot of the Weierstrass functionf, (z) [Eg. (3.6)]. In our numerical implementation
the in nite upper limit on the summation in Eq. (3.6) is repla ced by jmax , Wherejmax is chosen
such that the smallest value of used in determining D is at least one order of magnitude larger

than the smallest scale of the roughness, 3 .

versusz is a fractal curve (the fractal dimension of the curveis 2 (In )=(In )' 1:63 [24]). With
=1:5, F, has the same range of variation as$-s (i.e., 0.4 to 1.6). Applying this fertility eld to
Model 6 results in the same values and scaling ranges f@ as in the homogeneous case and the
smooth fertility eld case [Eq. (3.4)]. This suggests that, while inhomogeneities of the underlying
space may dictate certain aspects of the distribution of a gowing population, for example, where
the points are more likely to settle, its fractality can be due mainly to reproduction and local

resettlement processes.
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3.5 Theory

3.5.1 Model 1

Here we derive an analytical expression for the fractal dimasion spectrum Dy of population
distributions generated by the one dimensional point placenent scheme of Model 1. We begin
by making the following observation. Choosing a target intaval by rst selecting a target point
from all the preexisting points with equal probability and t hen selecting between the two adjacent
intervals of the target point with equal probability is equi valent to choosing a target interval out
of all the preexisting intervals with equal probability, up to the negligible e ect (for large time)
of the edge intervals that are only bounded on one of their sids by a point. (Alternatively, one
could impose periodic boundary conditions on the unit inteval, which would result in complete
equivalence of the two constructions.)

Having made this identi cation, we de ne N (k;t) to be the average (over di erent realiza-
tions of Model 1) number of intervals of length 2 ¥ at time t, where at every integer value oft a
new point is added. The initial condition for this model (at t = 1) is a single point at x = 0:5 on
the unit interval (0 x  1). This de nes two intervals of length 1=2 and thus N (k; 1) = 2 1,
where ; is the Kronecker delta. At each time t, the probability that an interval of length 2 k
is chosen isN (k;t):P i N (j;t). Then, in place of such a chosen interval, two intervals of éngth
2 (k1) are created. Since we begin with two intervals att = 1 and at each subsequent time step
an interval is destroyed while two are newly created, we seehat P i N(jit) = t+1. The discrete

time evolution equation for N is then

. — 1 . . .
Nit+D)= 1 —= N(kt)+ N(k 1t); (3.7)

t+1

where 1=(t + 1) is the probability that a given interval is selected at ti me t, (t + 1) N(k;t) is
the average (over di erent realizations of Model 1) number d intervals of length 2 ¥ destroyed at
time t+1, and 2(t+1) N(k 1;t)is the average number of 2 length intervals created at time

t +1. Alternatively, in terms of n(k;t), the fraction of the total number of intervals at time t with
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length 2 ¥, given by n(k;t) = N (k;t)=(t + 1), the evolution equation is

t

n(k;t+1)= -

n(k;t) + % Nk 11): (3.8)

In Appendix C, we introduce the partition function formalis m for calculating D4. We de ne

the quantity =(q 1)Dq4 and derive the following expression forg( ) for Model 1 [Eq. (C.10)]:

X
Rk i = n(kt)2k : (3.9)
k

Ik iy
=1+ lim — %
aC) "t

Multiplying both sides of Eq. (3.8) by 2¥ and then summing overk, we obtain the recursion

relation,
. . 2% 2
th lt+1 = th iy 1+ 7‘:4'2 ; (310)
which, since2® i;-; =2 , can be solve to yield,
Y +1
Rk iy = 1+ g : (3.11)
: i+1
i=1
Substituting Eq. (3.11) into Eq. (3.9), we obtain
q=2 ** 1 (3.12)
where we have made use of the relationship
t
Zaln 1+ X
lim —— MY - g (3.13)

ti1 Int
for x and y constants and a an integer such thata+ y+ x > O anda+ y > 0. Then, since

Dg= (@=(g 1), we invert Eq. (3.12) for (qg) and obtain the following result for Dg:

_ logy(q+1) 1
Dg = q 1 : (3.14)
In particular, using L'Hospital's Rule,
D, = L. 0:72 (3.15)
YT 22 T '

3.5.2 Model 2

The calculation of Dq for Model 2 is based on the classi cation of squares into typs | and I,

discussed in Sec. 3.2.4. We begin by de ningl(k;t) and N,(k;t) to be the average (over di erent
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realizations) number of type | and type Il squares, respectiely, with edge length 2 ¥ at time t.
The initial state (t = 1) is a single point at (0:5;0:5). The point divides the unit square into four
equal squares of edge length=2, with each square having one point on one of its vertices. Tins
N1(k;1) =4 1, while N2(k;1) = 0 for all k. At each time t, the new point is equally likely to
appear in each type | square, but is twice as likely to appearn each type Il square, because there
are two parent points that can produce o spring in each type Il square. In other words, a type
| square with edge length 2 ¥ is chosen with probability Nl(k;t):P i (N1(j;t) + 2N2(j; 1)), while
a type Il square of the same size is chosen with probability I2|2(k;t)=P j (N1(j;t) + 2N2(j; 1)).
When a type | square is chosen, the new point is placed in its e#er, destroying the original
square and creating three type | squares and one type Il squar all with half the edge length of
the original square. On the other hand, when the new point isim a type Il square, it is replaced by
two type | squares and two type Il squares, all having half theedge length of the original square.
Notice that either way, the quantity P i (N1(j;t) +2N2(j;1)) increases by 4 between timet and
t+1, so that Pj (N1(j;t)+2Ng(j;t)) =4t.

The discrete time evolution equations for both types of squaes are then

1 3 4

Na(kit+1)= Na(kit) 1 o +Na(k Lty + Na(k L0z (3.16)

Na(kit+1) = Nakit) 1 2 +Ni(k L+ Nok L0 (3.17)
2\K, - 2\K, 4t 1 ’ 4t 2 ’ 4t .

In Appendix C we show that for Model 2 [Eq. (C.12)],

L In(To(t) +29T,(1)) .
o( ) = lim e

(3.18)
P L .
whereT;(t)= 2% Nj(k;t). Multiplying Egs. (3.16) and (3.17) by 2X and summing overk, we

obtain

32 1 42

T+l = () 1+ =+ T (3.19)
To(t+1) = Tt 1+% +T1(t)i—t: (3.20)

At this point, we make the continuous time approximation T;(t +1) T;(t) dT;(t)=dt,

valid for large t, which allows us to represent Egs. (3.19) and (3.20) as the niax di erential
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equation,
dT(s) _

I =M T(s); (3.21)
where 2 3
T
T(s)= § 1© Z; (3.22)
Ta(s)

(3.23)

ands=(1=4)Int.
Equation (3.21) is solved in terms of the eigenvalues 5; , and the eigenvectorsT 4; T, of
the matrix M, giving

Ti e's=t7; (3.24)

fori = a;b with ,; pdistinctandrealand 5 > . We can express the quantity (T1(t)+2 9T,(t))
in Eq. (3.18) in terms of a linear combination of the componetts of these eigenvectors, whose long
time behavior is dominated by the behavior of T 4, the eigenvector associated with the larger

eigenvalue ,. Thus (3.18) gives us the simple result
q= =4 (3.25)
The eigenvalues ofM are the roots of its characteristic polynomial,
2+ 3 72)+2 102 +8 2?2 =0: (3.26)
This equation is also quadratic in 2 , allowing us to solve for ( )
1
()=log, 16 10+7 17 2+44 +36 (3.27)

We substitute the relationship from Eqg. (3.25) into Eq. (3.27) and, since (d) = (g 1)Dg, we

resolve the ambiguity of the  sign by requiring that (g = 1) =0. This results in

1

Dy =
q q 1

b
log, é 5+14q 68 +44q+9 (3.28)
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for the dimension spectrum of Model 2. In particular, applying L'Hospital's Rule to (3.28), the
information dimension is

D;= ' 1.05 (3.29)

3.5.3 Models 6 and 7

Although Model 6 is a two dimensional point placement schemegthe fact that each square is equally
likely to be chosen at a given time allows the calculation ofDq to be very similar to that for the
one dimensional scheme of Model 1. We begin by de nindN (k;t) to be the average number of
squares with edge length 2% at time t. The initial state (at t = 1) is a single square with unit
edge length, giving usN (k;1) = 0. At each time t, a square with edge length 2 is chosen
with probability N (k;t)=P ; N(j;t) and replaced by four equal squares with edge lengths 2<*1) .
Since at each time step there is a net gain of three squares, veee thatP i N (;t)=3t 2,and

obtain the following discrete time evolution equation for N :

1 4
N(t+1)= N(kit) 1 == +N(k Lt)z—s: (3.30)

In terms of the fraction n(k;t) = N(k;t)=(3t 2) of squares with edge length 2%, we have

4

T+ 1 : (3.31)

nkk;t+1)= n(k;t)%s+ nk 1;t)

Interchanging the squares in the above derivation with equlateral triangles, one can see that the
same evolution equations hold for the triangles in Model 7.

In Appendix C we show that Eq. (3.9), which allowed us to calcuate g( ) in terms of ¥ i,
for Model 1, holds for Models 6 and 7 as well. Following the proedure in Section 3.5.1, we multiply

both sides of Eq. (3.31) by ¥ and sum overk, solving the resulting recursion relation to obtain

w _
_ L@ 148

k .
R i = 1 >3 (3.32)
i=2
Making use of the relationship in Eq. (3.13), we get
4
q( ) =1+ 5(2 1): (3.33)
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This equation is inverted to solve for (q) which, when divided by (q

dimension spectrum

_log, (@ 1I+1

The information dimension is

3.6 Conclusion

1), gives us the multifractal

(3.34)

(3.35)

The main conclusion of this chapter is that reproduction andlocal resettlement processes may lead

to multifractal spatial distributions for growing populat ions. We introduced a number of point

placement models in one and two dimensions and showed that thmodels resulted in multifractal

distributions. Furthermore, we have demonstrated qualitative similarity between the example of

the Earth at Night image and clipped versions of distributions generated by our models. We thus

suggest that the mechanism by which our models create multifictal distributions may be operative

in the growth of real systems.
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Chapter 4
Simulating the Segregation of Ternary Granular Mixtures in Long Rotating Cylinders

4.1 Introduction

An interesting property of granular systems is the tendencyof mixtures of di erent types of ma-
terials to unmix (e.g., under vertical vibration [28] or during avalanching [29]). A binary mixture
of granular particles with di erent physical properties (e.g., dierent friction coe cients, sizes,
densities) is known to exhibit segregation in a half lled horizontal cylinder rotating about its axis,
a phenomenon of interest to the many areas of industry that ue cylindrical rotating drums for
various processes such as mixing and grinding. Within the st few rotations the mixture segre-
gates radially, with the less mobile particles making up a coe that extends in the axial direction
(along the cylinder axis of rotation), while the more mobile particles are pushed out radially to the
cylinder walls. Following radial segregation, if the prope conditions are met (rotational frequency,
particle properties, etc.), the particles can also segrega axially. When viewing the surface of
of the granular mixture one sees axial banding, alternatingbands of regions rich in each of the
particle types, along the cylinder axis. Over long periods 6time, the band structure is observed
to coarsen, with adjacent bands merging, until a nal stable state is reached consisting of a smaller
number of axial bands. This type of segregation was rst obseved by Oyama in 1939 [30] for an
equal volume mixture of glass spheres of two di erent sizesand was subsequently studied [31{41]
both experimentally and theoretically.

One of the earliest partial successes of understanding the eehanisms responsible for this
phenomenon was by Zik et al. [35,36]. They observed axial seggation in a mixture of sand and
glass, particle types that di ered in their frictional prop erties. This led to an analytical model
where axial segregation was driven by the di erence in the dpamic angles of repose of two di erent
particles types. The dynamic angle of repose for a particleype is the angle of the incline created
by the continuously owing granules. The authors posited that the axial segregation occurred
due to a sorting mechanism in the thin owing layer that forme d as the cylinder was rotated, and

represented the rotating granular material as a rigidly rotating bulk bottom with a thin top layer of
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Figure 4.1: The S-shaped pro le of a owing granular mixture in a rotating cylinder.

owing particles. One of the central results derived from their model was a numerical solution for
the pro le shape of the granular ow layer which successfully reproduced the characteristic S-shape
pro le typical of rotating granular material (see Fig. (4.1)). More importantly, they were able to
show that instabilities leading to axial segregation couldexist within their theoretical framework
and gave the conditions for which they would occur.

This approach, however, did not account for the radially segegated core, the precursor to
the axial segregation, which was later observed experimently. Furthermore, using MRI imaging
of the bulk of rotating granular mixtures, Hill et al. [33,34 ] showed that, even when axial banding
is observed at the surface, a core structure existed in the gidly rotating bulk, a remnant of the
earlier radially segregated state. Thus any real understading of the axial segregation would have
to include radial segregation. This observation led to the onjecture that instabilities leading to
undulations in the radially segregated core are what eventally cause the axial segregation. Elperin
and Vikhansky [38] incorporated this idea into their model for axial segregation. Beginning with
an already radially segregated core and allowing for di erat dynamic angles of repose for the two
particle types they considered, they were able to analyticly demonstrate the onset of instabilities

leading to axial segregation.
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In an e ort to replicate experimental results, Puri and Haya kawa [40] developed a phe-
nomenological continuum model with which they were able to sccessfully simulate both the initial
radial segregation and the subsequent axial banding, as weas the long term coarsening of the
axial bands. The ability to reproduce the experimental resuts, however, did not shed light on
the microscopic processes that enabled the segregation take place. Yanagita [41] was also able
to reproduce a similarly wide range of phenomena. He used a sfirete three dimensional lattice
model where each granule occupied an individual lattice s&. In a manner similar to [35], the
rotating mixture of granules was modeled as a rigidly movingbulk with a thin top owing layer.
The favorable feature of Yanagita's model is that the seledbn rule used to determine the motion
of the granules in the owing layer is simple and relies only @ a set of particle-species-dependent
generalized friction parameters. This gave rise to the idedhat the di erence in the ow properties
of the di erent particle types could play a central role in axial segregation.

Recently, Newey et al. [43] carried out experiments involung ternary mixtures of di erent
size glass particles in rotating cylinders. They found thattheir mixtures segregated into \bands
within bands" (see Fig. (4.2)). After the mixture segregated radially, with the largest particles
on the outside, followed by the medium sized ones and then themallest ones making up the
innermost core, the large and medium sized particles formedxial bands, in a manner similar to
the binary mixture case. Then the small particles formed bars only within the medium particle
bands. This phenomenon pointed to, once again, an intimate elationship between the radial and
the axial segregation since the ordering of the axial bands imicked the earlier radially segregated
core.

In an e ort to understand these \bands within bands" and to fu rther explore the role that
the radially segregated core plays in the eventual axial seggation, we developed a discrete three
dimensional simulation model, generalizing Yanagita's madel of binary mixture segregation [41] to
the case of three particle species. Our simulations duplided many of the general features observed
in the ternary mixture experiment [43]. More importantly, t he simplicity of our model allowed us

to isolate the surface ow properties of the various particle types as playing important roles in this
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Figure 4.2: Picture of the \bands within bands" structures observed by Newey et al. [43]. The
light blue particles are the largest, the dark blue particles are the intermediate sized ones and the

green particles are the smallest.

particular type of segregation phenomena.
In Sec. 4.2 we describe our model. We present data from simuian runs along with discus-

sion of the important features of the results in Sec. 4.3. Séion 4.4 summarizes our ndings.

4.2 The Model

The model, as mentioned above, generalizes a binary mixturenodel by Yanagita [41] to include
three types of particles. We employ a three dimensional squa lattice, with discrete integer valued
coordinates (x;y;z), and load it with a mixture of three types of particles, where each particle
type occupies exactly one lattice site. Herex corresponds to the horizontal radial direction, y is
the axial direction (where we impose periodic boundary condions), and z is the vertical direction.
Unlike the experiment of Newey et al. [43], where the partick types di ered in size, the model uses
particles with di erent simulated frictional properties t o simulate the di erences in the surface
ows of the particles. Each site in the lattice is assigned a alue (x;y;z) according to the particle

type that populates that site, given by

(x;y;z) = f0;1;2;3g= fno particle; particle A; particle B; particle Cg: (4.2)

The lattice is Ny sites in the x direction (x = 0;:::Ny 1), Ny sites in the y direction
(y=0;:::Ny 1), and 2N; in the z direction (z=0;:::2N, 1). In general the simulations are

started by placing Nx Ny N particles in the lower half of the 2N, Ny N, size lattice, in analogy
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Figure 4.3: Schematic diagram of the discrete rotation proess. The lattice is separated into its
back (x < N x=2) and front (x = Nx=2) halves. The back half is raised one step and the bottom
slice of the front half is rotated and attached to the bottom of the back half. The front half is then

lowered one step.

with a half lled cylinder. The initial states used are usually randomly generated homogeneous
mixtures of particles A, B, and C with varying relative abund ances, subject to a simulated gravity
acting in the negative z direction (i.e. no empty lattice site below any given patrticle).

The simulations carry out a large (> 10°) number of discrete time steps. Each time step
involves two ingredients to mimic (a) the rotation of the cylinder and (b) a ow of the top granular
layer:

(a) We rst create a height di erential between the back ( x < N x=2) and the front (x
Nx=2) of the lattice. This is done by raising the back half of the lattice one step in the positive
z direction (z! z+ 1 for x < N x=2). The bottom slice of the front half of the lattice (z = 0,
X  Nx=2) is then re ected about the y-axis (x ! Nx x 1) and placed below the bottom most
slice of the back half. The front half is then lowered one stepn the negative z direction (z! z 1
forz l1andx Nx=2). See Fig. 4.3. This step is meant to mimic rotation in the exerimental
cylindrical geometry, but adapted to our rectangular simulation geometry.

Nzl(

P
(b) A particle onthe surface h(x;y) = 2, (X;y;2)) is chosen at random [here ( ) =

Oif =0 (thesiteisunoccupied)and ( )=1if > O (the site is occupied)]. This particle will be
y;h(x+1;y+ ),

allowed to move from its position (x;y;h(x;y) 1) to a position (x +1;y+

with y randomly chosen from the valuesf 1;0;1g (to simulate diusion in the y direction),
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subject to a selection rule. The selection rule compares thdi erence in height at points ( x;y) and

(x+1;y+ vy),namely h(x;y) h(x+1;y+ ), toageneralized friction F(x;y;h(x;y) 1), or
resistance to motion in the positive x direction, that the particle experiences at its initial point.*

If the height di erence is large enough to overcome this genelized friction then the particle is

allowed to make the move. We note that, since the particles tlat are at x = Ny 1 are already
at the lattice edge, they are not allowed to ow in the x direction, and only move via the discrete
rotation mechanism [Step (a)].

The generalized friction for a particle is given by:

X
F(x;y;z) = f((xy;z) (x+ x5y + y;z+ z)) 4.2)
(xy;z )

where the values ofx; y and z are chosen such that only the four \touching" lattice sites adjacent

to the site (x;y; z) are included in the summation (see Fig. 4.4); i.e.,
(X y; 2 )=1(0;1,0);(0; 1,0);( 1,0;0);(0;0; 1)g: (4.3)
Here f is the mapping
f:10,1,2,3,4,6,99!f 0;Faa;Fas ;Fac:Fss ;Fec:Fcc; (4.4)

where Fj is the friction parameter value between particle type i and particle type j. In our

simulations we set
Fcc >Fee >Faa
FBB > FAB > FAA
(4.5)

Fcc >Fpc >Fags

Fcc >Fac >Faa

The rst relation in (4.5) sets the C particles as those which experience the largest resistance to

motion in the positive x direction, followed by B particles and then A particles. The nal three

1This resistance to motion can be thought of as resulting from  the actual frictional properties of the particles,
or from other particle retarding e ects. One example of such  a retarding e ect occurs in the case of particles of
di erent sizes. Smaller particles are more prone than large r particles to fall through or be caught in interstitial

spaces, making their progress down the inclined slope more d i cult.
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Figure 4.4: An illustration of the adjacent lattice sites, represented by gray cubes, which are
included in the summation for calculating the generalized fiction F (see Eq. (4.2)) experienced

by a particle (white cube).

relations in (4.5) require the friction between di erent particle types to be some value between
their respective \pure" values, as one would expect on physial grounds. The actual values of
these generalized friction parameters are adjusted to obta simulation outcomes most closely
resembling experimental results.

The application of Step (b) is carried out R times before the lattice is discretely rotated
again (Step (a)). The inverse ofR is then analogous to the angular frequency of a rotating cylder,

I 1=R.

4.3 Simulation Results and Discussion

For our simulations we use a lattice with dimensions of 200 ltice sites in the axial direction
(Ny =200), 80 lattice sites in the vertical direction (N, = 40), and 10 lattice sites in the horizontal
direction (Nx = 10), resulting in 1:6 10° total lattice sites. We load the lattice with 8  10*
particles, corresponding to a half- lled cylinder, and the relative abundances of the particle types
are varied as needed.

Here we present results from simulations run with the following friction parameter values:
Faan = 04, Fpg = 0:44, Fgg = 1:0, Fac = 0:9, Fgc = 1:5, and Fcc = 2:4. While these

particular values were found to be optimal, in the sense that of the friction parameters we tried,
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they produced simulation results most closely resembling e experiment, the same qualitative

behavior was also seen for a wide range of parameter valuesge within a range of at least plus

or minus 10% of the chosen values. We found that setting the Vaie of R, the number of times

that Step (b) is executed in each discrete time step, toR =2:5 10* gave good results. Since our
lattice has Ny Ny = 2000 surface particles, this implies that each surface pdicle experienced

12.5 potential moves on average per rotation time step.

The simulations successfully reproduced a wide range of thexperimentally observed phe-
nomena. Beginning with a uniformly mixed state (with equal proportions of each particle type),
Fig. 4.5(a) shows the lattice after 2 10° time steps. Particles A are colored black, particles B are
yellow and particles C are red. The axial end of the lattice slows evidence of an ordered radial core
while the surface layer appears to suggest some form of axiakgregation. It is important to note
here that the view of the lattice surface is analogous to taking cross sections of granular mixtures
in physical cylinders. This is because the lattice is viewedight after we execute R applications
of Step (b) (i.e., the particle ow step), and right before th e discrete rotation, Step (a), is made.
Thus, unlike the experimental situation, there is no owing top layer obscuring the underlying
mixture. Fig. 4.5(b) shows the pro le of the mixture surface for various axial (y) positions. The
pro les qualitatively reproduce the experimentally observed granular ow pro les (cf. Fig. 4.1).
As is expected, regions exhibiting a high concentration of (particles, the particle type associated
with the largest friction parameters, also have the steepesslopes.

The view of our lattice most closely resembling a laboratoryview of the rotating granular
mixture is the view of the rear slice (i.e.,x = 0), shown in Fig. 4.6(a). The \bands within bands"
structures observed in [43] are clearly visible, with the re particles mainly found within bands of
yellow particles, which are themselves mostly within blackparticle regions. An advantage of our
simulation over the experiment is the fact that we have accesto the full three dimensional structure
of the granular mixture. This allows us to determine the relaive abundance of each particle type
in each two dimensional axial slice and we plot the result in kg. 4.6(b). The interesting feature

here is that, while particles A and C vary in concentration between regions of great abundance
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Figure 4.5: a) View of the three dimensional lattice after 2 10° time steps. Initially the lattice
is loaded with a uniformly mixed state of particles A, B and C (colored red, yellow and black,
respectively), with equal proportions. b) Pro les of the particle mixture surface at three di erent

axial (y) pOSitiOﬂS. [FAA =04, Fag =0:44,Fgg =1:0, Fac =0:9, Fgc =15, Fcc = 24,

R=2:5 10
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Figure 4.6: a) View from the rear (x = 0) of the lattice in Fig. 4.5(a), showing the \bands within
bands" structures. This perspective most closely resembiethe laboratory view of the surface of a
rotating granular mixture (cf. Fig. 4.2). b) The relative ab undance of each of the particle types
for two dimensional slices (0 x<N yx and 0 z < 2N;) at each axial position y. [Black signi es

particles A, yellow signi es particles B and red signi es particles C.]

and extreme scarcity, particles B are found throughout the ial direction, becoming the dominant
particle type only between regions rich in particles A and those rich in particles C.

Fig. 4.7(a) is a space-time plot of a simulation run with 25% A particles, 30% B particles
and 45% C particles. In each time step, the rear slice of the Kice is vertically averaged such that
the most abundant particle type at each axial positiony (the vertical column de ned by x = 0 and
0 z < 2N,)is assigned to that axial position. Here the black areas caespond to A particles, the
yellow areas to B particles, and the red areas to C particlesThe initial formation of yellow bands
followed by the appearance of red bands exclusively withintie yellow regions is clearly observed.
One can also see the coarsening of the bands via merging.

Figures 4.7(b-e) show top views of the lattice at four di erent time steps where the arrow

from each image indicates the corresponding time in the spastime plot, Fig. 4.7(a). [(b) t =0
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Figure 4.7: a) Spacetime plot of the our simulation for a totd of 5 10° timesteps. In each time
step, the most abundant particle type in the rear (x = 0) slice of the lattice is picked for each axial
(y) position. The black, yellow, and red regions correspond tgparticles A, B, and C respectively.
The relative abundances of the particles are 25% A particles30% B particles and 45% C particles.

b)-e) Top views of the lattice corresponding to di erent tim es in the space-time plot. [(b)t =0

©t=2 10% (d)t=2 10° (e)t=5 10F]
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(c)t=2 104, (d)t=2 10, (e)t=5 10°] Aswas indicated earlier, these images can be regarded
as corresponding to the axial cross sections of an actual rating granular mixture. The cross
sections reveal (b) an initial homogeneous mixed state faliwed by (c) a radially segregated state,
with the low friction particles A forming the outer layer, fo llowed by particles B, and then particles
C forming the innermost core. There are visible undulationsin the core structure; however,
Fig. 4.7(a) indicates that there is no discernible axial barding at this point. By the time of
Fig. 4.7(d) the instabilities of the core grow, with the C particles pushing the B patrticles to the
lattice walls (x =0, x = Nx 1) in certain locations. In the space-time plot this manifeds itself as
mostly yellow bands in a black background with a minimal amowt of red regions seen within the
yellow bands. Finally, Fig. 4.7(e) reveals a large central blge of C particles, the result of the two
central bands seen in Fig. 4.7(d) merging. The C particles a& able to push more of the B particles
aside, resulting in the clearly visible red band within the central yellow band in the space-time
plot. The axial core structure, consisting of C and B patrticles, persists throughout the lattice. A
similar structure was observed in the rotating drum experiments reported in Ref. [43] through the
use of a partially transparent sample and back illumination. We also note that band merging, as
occurs in the transition between Fig. 4.7(d) and Fig. 4.7(e) is also observed in the experiment of
Ref. [43].

The bulk motion Step a), treats all particles the same, and diering frictional properties of
the model particles only matter in the surface ow Step b). Thus, in the model, all segregation,
both radial or axial, is due to di ering surface ow properti es of the three particle types, suggesting
that di erences in the surface ow properties of the particl es in the physical system can play an

important role in the experimentally observed segregation

4.4 Conclusion

We have extended the model used by Yanagita [41] for binary gmular mixture segregation in a
rotating cylinder to allow for three particle species. This was done in an e ort to model the exper-

iment of Newey, et al. [43] who observed an axial segregatiostructure consisting of \bands within

60



bands" for ternary granular mixtures. The simulation indic ates that a model with even a thin
owing layer of particles can exhibit the radial segregation and subsequent axial segregation that
were experimentally observed, and that di erences in frictonal properties su ce to qualitatively
model the segregation patterns and the sequences in which #ly appear. That such a simple sim-
ulation, paramaterized only by friction, can accurately reproduce the experimental results shows

the basic robustness of the physical phenomena.
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Appendix A
Calculation of H (k)
We substitute H (k;N) = G(k;N)=N, the fraction of nodes with degreek at time N, into Eq.

(2.1), obtaining,

(N+DHEKN+1)=(N mHUN)+ mH(K LN)+ ym: (A.1)

We de ne H (k) to be the N independent solution to (A.1). Substituting into (A.1) and

rearranging terms we get

H (k) = %H(k D+t (A2)

This recursion relation is solved to yield

1 m

Hk)=z — ———
(k) m+1 m+1

(A.3)

fork mandH(k)=0for k<m.
Now we show that asN ! 1, H(k;N) approachesH (k). Dividing (A.1) by N +1 and

subtracting from this the same equation but with H (k) inserted, we obtain after some algebra

N m m

HOGN +1) HK) = T HKGN) HQ + oo

H(k LN) H(k 1): (Ad)

Letting F(k;N)= N H(k;N) H(k),we nd that (A.4) is equivalent to

m+1

m
N m

F(k;N +1)= F(k;N)+ F(k 1;N): (A.5)

OurgoalistoshowthatF(k;N). N 1 OasN!1

m+1

Consider rst the case k = m. SinceF(m 1;N) =0, (A.5) implies that F(m;N)= C for

some constantC independent of N. Thus, in particular,

HMN)  H(m)= —e—; (A6)

m+1

andH(m;N)! H(m)asN !1 . Thenwhenk= m+1, (A.5) becomes

F(m+1;N+1)= F(m+1:N)+ mmc (A7)

N
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and hence

l’(l
m InN

F(m+1;N)=F(m+1;m+1)+ C

N O=m+1

for large N .

Furthermore, it is possible to show by induction on k that
JFGN)) - Ck(mInN)< ™

for someC(k) independent of N. In other words,

(minN)k m

N
m+1

H(k:N) H(k) C(k)

which approaches 0 afN !1
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Appendix B
Behavior of HjKi
Here we show thatHjki* h ljki < 2Hjki*, wherehjki* and Hjki are the average longest counter-
clockwise (CCW) link length and the average longest link lemyth, respectively, for a node with
degreek. For simplicity we work exclusively with quantities that ar e N (time) independent.

Let X (k;1;19 be the fraction of nodes that have degreek, longest CCW link length | and

longest clockwise (CW) link length I Then Hjki can be written as

L Pll P|o |XD(|<§|;|(5+ P|o<| X (k;1%1)
Hjki = P T : (B.1)

The numerator in (B.1) satis es the following inequality:

0 1 0 1
X X X X
1@ X (k1:19+  X(KI°HA = 1@ X (k1:19+  X(k;I;19A
| o | fo<] L s
= 27 17 x®I19 IX (k151
N |
< 2 1 X(l19
NEV
2 1 X(k119; (B.2)

T
where we have used the fact thatX (k;1;19 = X (k;1%1) due to the CCW/CW symmetry in our

model. Noting that
P P
I X (k;1;19 o
) 10 - + .
f X (K19 Hjki™; (B.3)

we have that Hjki < 2Hjki* . In addition, it is clear that the longest link of a node is at least the
length of the longest CCW link. Thus, Hjki* h Ijki and we have our desired result. In particular,
this implies that in our model the average longest link for a rode, in addition to the average longest

CCW (or CW) link, increases exponentially with the node's degree.

64



Appendix C
Calculation of Model Dimension Spectra

C.1 The Partition Function Formalism

The partition function formalism [25,26] is an alternative to the xed sized grid method of Eq. (3.1)
for calculating a dimension spectrum of a measure. We demotrate here how it allows us to relate
the various interval and square size distribution functions found in Models 1, 2, 6 and 7 to the
dimensions of the point distributions generated by them.

We cover the measure of interest with a disjoint coveringf Sijg, i = 1;2:::N, where each
element S; of the covering set has a diameter; less than or equal to . (The diameter ; is the

largest possible distance between two points ir§;.) The partition function is de ned as

X q
q(: fSig )= 1= (C.1)
i=1
where ; is the measure ofS;. For a given the coveringf S;g is now chosen such that Eq. (C.1)
is maximized (for g > 1) or minimizsed (for g < 1), which de nes
2 sups, q(;fSig; ); forg>1
a(s )= (C.2)
infs, q(;fSig; ); forg<1
Then, letting ! 0, we de ne
q( )=1im q(: ): (C.3)

The quantity 4( ) experiences a jump from O to +1 , as is increased, at a critical value that

we denote (g). The dimension Dy of the measure is then de ned as
Dg= (d=(a 1) (C.4)

In practice, it is di cult to determine whether a particular covering f S;g is optimal in the
sense of Eq. (C.2). However, one can often compute the corriedimension by considering speci c
coverings, in the following sense. Consider a sequence ofgdiint coverings f Si(m)g where covering
m of the sequence has maximum diameter(™ ( (™ < () for every componenti of coveringm),

and (M) converges to zero asn approaches in nity. If the limit

Aq( )= lim o fSi(m)g; (m)) (C.5)

m!l
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exists, then like 4( ) it experiences a jump from O to +1 , as increases, at a critical value

(m)
I

= ~(g). In terms of the sequencef S} ’g of coverings (not necessarily optimal), we can then

compute a dimension spectrum

Dg="(@=(q 1); (C.6)

Since the sequence of coverings used to compuﬁa] may be suboptimal, we have {q) (a)
for g > 1, and /(q) (g) for g < 1. Thus Iﬁq D4 in each case. Assuming the limit in Eq. (3.1)
that de nes Dgq to exist, then Dy can be computed by the partition function formalism above

™ = (M) for everyi and m). Thus D, Dy as well. While there do

using equal size coverings f
exist examples for whichDy 8 Dq for g < 1! the two dimensions are typically found to coincide
in analytical examples with physical bases. Furthermore, ér g > 1 the two dimensions always
coincide:

Theorem : For every probability measure for which the limit in Eq. (3.1) exists, Dgq = Dy
for all g > 1. (If one de nes Dq as a liminf, then this equality holds for all .)

We prove this theorem in Appendix D.

The theorem demonstrates that, forq > 1 at least, the dimension spectrum computed
according to the partition function formalism from a partic ular sequence of coverings is not that
sensitive to the type of covering; equal size coverings yidlthe same spectrum as a sequence
of coverings that is optimal in the sense of Eq. (C.2). While t may be possible to compute a
di erent value of Iﬁq from a su ciently suboptimal sequence of coverings, we congcture that for

the coverings we consider below,

Bq= Dq= Dg (C.7)

1As a simple example, we consider the set, 1;1=2;1=3; ;n 1; ,and g=0. For this set it can be shown that
Egs. (C.1)-(C.4), yield Do = 0, which is intuitively reasonable for a set that is a counta ble collection of points. In
contrast, Egs. (3.1) and (3.2) yield Do = 1=2. To see this we rst note that, for q =0, (3.1) and (3.2) give the
well-known result Do =1im | of [In N ( )]/[In(1 =)] g, where N () is the number of -intervals needed to cover the
set. Next we observe that the distance between 1 =n and 1=(n + 1) is approximately 1 =n2 for large n. Thus setting
=1=n?, we need n intervals to cover the rst n elements of the set, one interval for each such element. To co ver
the remaining elements we must cover the interval (1 =(n + 1) ;0). This requires (1 = )[1=(n +1)] = n?=(n+1) ' n

intervals. Thus N()' 2n=2= 12 yielding Do = 1=2.
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Furthermore, we conjecture that Eqg. (C.7) holds not only for g > 1, but for all g 0.

For our purposes, the application of Eq. (C.7) forq 1 is supported by the following
reasoning. In all of the cases below, the formula we obtain folﬁq is a complex analytic funtion of
. If Dq= Dqfor g > 1, it follows that if D is continuous atq= 1, then B; = D;. Furthermore,

if D is complex analytic, then Dy = Dgq for q < 1 as well.

C.2 Application to the Models

The practical implication of Eq. (C.7) for us is signicant. It means that we can choose any
sequence of coverings whose maximum diameter converges tera, and this choice can be made in
a manner that facilitates analytic computations. The result will be the same as that for an equal
cube size covering [Eq. (3.1)] or an optimal covering [Eq. (Q)].

For Model 1, we choose the intervals between the points as theovering for the distribution.
We regard each interval as covering the equivalent of one pat since it contains two half points at

P
each of its ends. Hence; = (|, N(k;t)) !=1=tforall i, and Eq. (C.5) becomes

X
" m (=07 (C8)
' i=1

q( )=

where the ! O limitis replaced by t ! 1 , since, ast increases the size of the largest interval
decreases to zero. Since fy( )= 1 for < ~(@andIn"( )= 1 for > 7(qg), we equate

In '\q( ) to zero and obtain g as a function of the transition value ",

o) = lim (C9)

In terms of n(k;t), the fraction of the total number of intervals at time t with length 2 ¥, we then

have [see Eq. (3.9)]

k/\.
g™) =1+ lim m:

i it (C.10)

For Model 2 we use the two types of squares (type | and Il) to coer the distribution. A
type | square has one point on one of its vertices and hence cers the equivalent of a quarter of a

point, while a type Il square, with two points on its vertices, covers the equivalent of half a point.
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Thus at time t, the measure contained in a type | square is 34t, while that contained in a type Il

square is E2t. Thus Eq. (C.5) becomes

(C.11)

where the rst summation is over all type | squares and the seond is over all type Il squares.

Taking the logarithm of this expression and equating it to zeo, we obtain

In (Ty(t) +29T(t)) . (C.12)

A= int

P
where Ti(t) = |, 2*"Ni(k;1).
P
Each square in Model 6 and triangle in Model 7 contains ( |, N (k;t)) 1=1=3t 2)ofthe

total measure. Thus, Eq. (C.5) becomes
(C.13)

We see that this yields an expression fog(*) identical to that for Model 1 [Eq. (C.10)].
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Appendix D
Proof of Theorem from Appendix C
As we noted in Appendix C, Dy Dgqforall g 0, so we now show that alsd>y Dgq for q > 1.

Our proof is based on the theorem in [27] that forq > 1, the quantity
£ %y o

- 5 d .
Sy ) ©.1)

lq(s) =

is nite for s <D 4 and in nite for s>D 4. To see thatDy Dy, we show that Dy s whenever
l4(s) is nite. Let fS;g be a disjoint covering of , as in Appendix C, and recall that ; is the
measure ofS; and ; is its diameter. Then considering only the contribution to I4(s) from points

x and y that are in the same S;, we have

y)
O kT (x)
A Z 1
d(y) °
S d (x)
i=1 Si Si i
g1
_ i
= T
i=1 i
- q i(q s

(@ 1s;fSig; )

by (C.1). This implies that 4((g 1)s; ) I4(s)by(C.2),sinceq> 1, and hence ¢((q 1)s)
I4(s) by (C.3). Therefore if 14(s) is nite, then 4((q 1)s)is nite, whence (g) (g 1)s, and

nally Dgq s by (C.4).

69



BIBLIOGRAPHY

[1] S. Wolfram, A New Kind of Science (Wolfram Media, Champaign 2002).

[2] J. M. Epstein and R. L. Axtell, Growing Arti cial Societies: Social Science From the Bottom

Up (MIT Press, Cambridge 1996).

[3] C. Mayhew and R. Simmon,Astronomy picture of the day: Earth at night,

URL http://antwrp.gsfc.nasa.gov/apod/ap040822.html.

[4] D. J. Watts and S. H. Strogatz, Nature (London) 393, 440 (1998).

[5] L. A. N. Amaral, A. Scala, M. Bartreemy, and H. E. Stanl ey, PNAS 97, 11149 (2000).

[6] M. E. J. Newman, Proc. Natl. Acad. Sci. U.S.A. 98, 404 (2001).

[7]1 M. E. J. Newman, Phys. Rev. Lett. 89, 208701 (2002).

[8] R. Albert and A.-L. Baralasi, Science 286, 509 (1999).

[9] M. Faloutsos, P. Faloutsos, and C. Faloutsos, ACM SIGCOMM 29, 251 (1999).

[10] R. F. i Cancho, C. Janssen, and R. V. Sok, Phys. Rev. 64 046119 (2001).

[11] J. Camacho, R. Guimer, and L. A. N. Amaral, Phys. Rev. Lett. 88, 228102 (2002).

[12] R. Milo, S. Shen-Orr, S. Itzkovitz, N. Kashtan, D. Chklovskii, and U. Alon, Science298, 824

(2002).

[13] H. Jeong, S. P. Mason, A.-L. Barabasi, and Z. N. Oltvai, Nature (London) 411, 41 (2001).

[14] S. H. Strogatz, Nature (London) 410, 268 (2001).

[15] S. N. Dorogovtsev and J. F. F. Mendes, Adv. Phys51, 1079 (2002).

[16] R. Albert and A.-L. Baralasi, Rev. Mod. Phys. 74, 47 (2002).

[17] M. E. J. Newman, SIAM Rev. 45, 167 (2003).

[18] H. Hentschel and I. Procaccia, Physica D8, 435 (1983).

70



[19] P. Grassberger, Phys. Lett. A97, 227 (1983).

[20] S. Yook, H. Jeong, and A.-L. Barakasi, PNAS 99, 13382 (2002).

[21] M. Batty and P. Longley, Fractal Cities (Academic Press, San Diego, 1994).

[22] H. A. Makse, S. Havlin, and H. E. Stanley, Nature377, 608 (1995).

[23] S. C. Manrubia, D. H. Zanette, and R. V. Sok, Fractals 7, 1 (1999).

[24] E. Ott, Chaos in Dynamical Systems (Cambridge Universly Press, Cambridge, 2002), 2nd

ed.

[25] P. Grassberger, Phys. Lett. A107, 101 (1985).

[26] T. Halsey, M. Jensen, L. Kadano, |. Procaccia, and B. Shaiman, Phys. Rev. A 33, 1141

(1986).

[27] B. Hunt and V. Y. Kaloshin, Nonlinearity 10, 1031 (1997).

[28] J. B. Knight, H. M. Jaeger and S. R. Nagel, Phys. Rev. Lett, 70, 3728 (1993).

[29] H. A. Makse, R. C. Ball, H. E. Stanley and S. Warr, Phys. Res. E 58, 3357 (1998).

[30] Y. Oyama, Bull. Inst. Phys. Chem. Res. Jpn. Rep.18, 600 (1939); (in Japanese).

[31] K. M. Hill and J. Kakalios, Phys. Rev. E 49, 3610 (1994).

[32] K. Choo, T. C. A. Molteno and S. Morris, Phys. Rev. Lett., 79, 2975 (1997).

[33] K. M. Hill, A. Caprihan, and J. Kakalios, Phys. Rev. Lett . 78, 50 (1997).

[34] K. M. Hill, A. Caprihan, and J. Kakalios, Phys. Rev. E 56, 4386 (1997).

[35] O. zZik, D. Levine, S. G. Lipson, S. Shtrikman, and J. Staans, Phys. Rev. Lett. 73, 644

(1994).

[36] D. Levine, Chaos9, 573 (1999).

[37] I. S. Aranson and L. S. Tsimring, Phys. Rev. Lett. 82, 4643 (1999).

71



[38] T. Elperin and A. Vikhansky, Phys. Rev. E 60, 1946 (1999).

[39] T. Shinbrot and F. J. Muzzio, Phys. Today, March issue, 5 (2000).

[40] S. Puri and H. Hayakawa, Physica A290, 218 (2001).

[41] T. Yanagita, Phys. Rev. Lett. 82, 3488 (1999).

[42] S. Das Gupta, D. V. Khakhar and S. K. Bhatia, Chem. Eng. S¢. 46, 1513 (1991).

[43] M. Newey, J. Ozik, S. M. van der Meer, E. Ott and W. Losert, Europhys. Lett. 66, 205 (2004).

72



